Towards a grammar of inorganic structure  by MacKay, A.L. & Klinowski, J.
Comp. & Maths. with Appls. Vol. 12B. Nos. 3/4, pp. 803-824. 1986 0886-9561/86 $3.00+ .00 
Printed in Great Britain. © 1986 Pergamon Press Ltd. 
TOWARDS A GRAMMAR OF INORGANIC  STRUCTURE 
A. L. MACKAY 
Department of Crystallography, Birkbeck College, University of London, Malet Street, London 
WC 1E 7HX, England 
and 
J. KL1NOWSKI 
Department of Physical Chemistry, University of Cambridge, Lensfield Road, Cambridge 
CB2 1EP, England 
Abstract--The description of inorganic rystals has moved on from the early concentration a picture 
of linked symmetrical polyhedra, and we outline several further systems forvisualising inorganic struc- 
tures, discuss their relative usefulness and draw attention to the value of the concepts of curvature in 
understanding the "grammar" underlying inorganic and biological structure. 
The "letters" are the atoms and the "words" are the smallest clusters of bonded atoms. "Grammar" 
is the way in which the words are combined into larger units and "syntax" is the next level of organisation. 
We will not here touch on what "meaning" represents, but the metaphor of language is immensely 
productive and suggestive. Since the discovery of the role of DNA, this metaphor has become firmly 
established in molecular biology. We suggest now that it is useful also in the inorganic field. 
One important element of this "grammar" is intrinsic curvature, which can be considered as a 
measure of strain in structures caused by a misfit of neighbouring components. We concentrate particularly 
on this element of structuration at the expense of many others which would require lengthy development. 
For example, strain in flat sheets (for instance silicate sheet structures), besides making them cylindrical, 
may make them curve either elliptically, producing closed domains ~such as spherulites or icosahedral 
virus particles) or hyperbolically into the third dimension, yielding periodic minimal surfaces. 
Periodic minimal surfaces occur as a dominant secondary structure in lipids, lyotropic colloids 
("soaps"), framework silicates (zeolite molecular sieves) and many other systems. We describe a number 
of minimal surfaces and show how their profiles and areas can be calculated numerically. Going a step 
further, the curvature of 3-D structures into 4-D is difficult to imagine, but this concept is nevertheless 
important. The mapping of a structure of one curvature onto a structure of an incompatible curvature 
may be seen as the basis for possible reactions or transformations. 
It will be found that everything depends on the composition of the forces with which the 
particles of matter act upon one another; and from these forces, as a matter of fact, all 
phenomena of Nature take their origin. [Roger Joseph Boscovich (1711-1787), Theoria 
Philosophiae Naturalis, Venice, 1763 (Sect, 1.5)] 
INTRODUCTION 
How are inorganic structures best to be described? Pauling's Rules[I,2], which account for 
many structural features of complex inorganic ompounds in terms of simple electrostatics, are 
merely the first level of a hierarchic grammar of structure--building words from letters. As 
formulated by Pauling himself, the rules follow. 
1. The nature of the coordinated polyhedra 
A coordinated polyhedron of anions is formed about each cation, the cation-anion distance 
being determined by the radius sum and the ligancy of the cation by the radius ratio. 
2. The electrostatic valency rule 
In a stable ionic structure the valence of each anion is closely equal and opposite to the 
sum of the strengths of the electrostatic bonds (Maxwell's "lines of force") to it from the 
adjacent cations. [That is, the lines of force are of minimum length under the action of their 
mutual repulsions and of their elastic "tensions" when linking positive charges to negative 
charges.] 
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The sharing of polyhedron corners, edges and faces 
3. The presence of shared edges and especially of shared faces in a coordinated structure 
decreases its stability; this effect is large for cations with large valence and small ligancy. 
4. In a crystal containing different cations, those with large valence and small coordination 
number tend not to share polyhedron elements with each other. 
These rules, which give rise to the concept of symmetrical "coordination polyhedra," 
have been very successful in describing the immediate environments of individual atoms, but 
much less so when applied for describing and predicting larger-scale structures. They work well 
for highly symmetrical coordination polyhedra, which cover a wide range of crystal structures, 
but are not so easy to extend to the quantitative treatment of less symmetrical polyhedra. 
Furthermore, many structures, for example the mineral opal which is formed from silica spher- 
ulites, are hierarchic in nature and cannot be adequately described by Pauling's Rules alone, 
which operate on only one level. High-resolution electron microscopy (HRTEM), scanning 
electron microscopy (SEM) and X-ray diffraction (XRD) have recently provided much new 
information on the "syntax" governing these higher levels of structure. It has been shown by 
H. A. Simon[3] that hierarchy minimises complexity and is intrinsic to the process of structure 
building: hierarchic structures have higher probabilities of formation. Modem techniques for 
the imaging of the crystal structures of highly complex proteins are now seen to be based on 
the "maximisation of entropy"[4] and exploit the foreknowledge that these structures are 
hierarchic. Many inorganic structures are also recognisably hierarchic[4A]. 
It has become customary to describe three-dimensionally periodic structures using the 14 
Bravais unit cells (Fig. 1), but space-filling zonohedra, of which there are 5 kinds and 24 
aspects (Fig. 2) can also be used for this purpose, thus providing an alternative formal geometrical 
system for classifying structures. If we wish to describe the crystal structure in terms of linked 
coordination polyhedra[57], then the space-filling notation is the more convenient. The so- 
called Voronoi dissection[5-8] (or better, the radical-plane dissection), which furnishes an exact 
definition for space-filling polyhedra, can profitably be used also in describing amorphous 
materials, thus enabling both states of matter to be handled with the same language. 
Delone et al.[9] have shown how an alternative formalism for classical symmetry theory 
can be constructed using only local order (as in the formalism of cellular automata) nd eschewing 
infinite translations. They demonstrated that, if all lattice points in a structure are to have 
identical surroundings (without absolute orientation) out to a distance R from each lattice point, 
then if R is greater than a certain critical value, between 2r and 6r, where r is the radius of the 
largest empty ball about a lattice point, the whole structure will be constrained to belong to 
one of the usual Bravais lattices and to be an infinite crystal. Thus, crystallinity results naturally 
from local order of sufficient range (Fig. 3). 
Another feature in the description of complex solids, at a level which is one step up from 
Pauling's Rules, involves the concept of minimal surfaces, and we will here devote more attention 
to this, since it is a less familiar concept han that of coordination polyhedra. At a level of 
resolution insufficient to distinguish atoms, many complex silicates, lyotropic olloids and other 
systems can be modelled as membranes ["of force"] rather than by lines of orce or by polyhedra. 
We will see, however, that there are important relationships between these descriptions and that 
minimal surfaces are closely similar to the equipotentials which can be drawn perpendicular to
systems of lines of force. This naturally involves the concepts of curvature in three-dimensional 
space and of minimal surfaces which, like soap films, are surfaces of the lowest free energy 
and which, given defined boundaries, take up a configuration ofminimum area. Even the earliest 
workers studying minimal surfaces pointed out that, if a closed circuit is placed in a minimal 
surface and is then removed, a soap film over this circuit is identical with the soap film which 
it enclosed before removal. The area of every element of the surface is a minimum. 
As we shall see, the concept of curvature can be extended to the fourth dimension into 
which ordinary 3-D space can be considered to be curved. Just as curvature of 2-D space (a 
planar structure) into 3-D (a curved soap film) can be seen as a consequence of the minimisation 
of 2-D area, so this concept is also useful in discussing the minimisation of the strain energy 
in a 3-D structure. This may be applicable, for example, in understanding Loewenstein's Rule 
for aluminosilicates, which forbids two A l-centred tetrahedra tobe neighbours inthe framework, 
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Fig. I. The 14 Bravais lattices. Each represents he unit cell of an infinite lattice where every lattice point 
has the same symmetry and surroundings a  every other. The 14 lattices are distinguished by their different 
symmetries. 
the general correctness of which has recently been confirmed by high-resolution solid-state 
NMR[10]. Finally, a number of chemical processes leading to solid-state structures (such as 
the transformation f the sheet aluminosilicate kaolin to the framework aluminosilicate ultra- 
marine) may be expressed incatastrophe theory terms, following the catastrophic transformations 
("jump-like" processes with hysteresis) in assemblies of soap bubbles. 
A GRAMMAR OF STRUCTURE 
We take the term "grammar" in the extended meaning as encompassing not only the 
description of components but also the several evels of rules which generate the whole by the 
combination of the components. This follows the word "grammar" itself, which has similarly 
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Fig. 2. Five of the paralleohedra which pack to fill space and which generate th lattices by their association, 
the lattice points being imagined at their centr s. 
progressed from its early meaning of" letter ing."  Ideas of the appearance of a complex structure 
by the self-assembly of individual components as a result of their local interactions, rather than 
of the intervention of some designer outside the system, have now become xtremely important 
under the designation of cellular automata[ 11,12]. It is no longer adequate to describe a structure 
in an arbitrary way[33,33A]. Some ways are less arbitrary than others and the least arbitrary 
is the way in which Nature describes it, that is, in terms of the generative rules in the way that 
a DNA sequence describes a protein. We think it fruitful to ask of inorganic structures the same 
question we might ask of a biological structure. Thus, taking a mineral comparable in complexity 
to a protein molecule we might ask, Where are the genes in paulingite?[ 13]. We will anticipate 
the answer and reply that there are no genes, the information is distributed and is not localised. 
The rules of assembly of the whole emerge from the local rules, which in turn emerge from 
the energy levels of the individual atoms. 
THE CONCEPT OF CURVATURE: THE GENERALISED SPHEROMETER 
Ptolemy's Theorem states that for a cyclic quadrilateral (with vertices numbered 1234 and 
with a distance d12 between the points 1 and 2), 
(d12 + d34)(d14 + d23 ) = d13d24 , (l) 
and conversely, this is the condition that four points should be concyclic and coplanar (Fig. 4). 
The theorem can be generalised to N dimensions with the definition by Blumenthal[ 14,14A] of 
a quantity PN which he named the "Ptolemaicity." This is a determinant of the squares of the 
distances between the N points. Thus 
I o dh dh dh P4 = d21 0 d23 d24 (2) 
]d~ d22 0 d~4 
I 
Id42, d~2 d423 0 
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Fig. 3. A crystal lattice results automatically from the local order produced by the interlocking of neighbouring 
parts like a jigsaw puzzle (motif by M. Nakamura). 
The generalisation of Ptolemy's Theorem is simply that Pu = 0; that is, if four points lie 
on a two-dimensional circle, then P4 = 0; if five points lie on a sphere then P5 = 0, etc. 
The same determinant, when bordered by ones, gives the volume [the (N - 1) dimensional 
content] of an (N - l)-dimensional simplex: 
0 d~2 d~3 . . .  d~s 1 
d~, 0 d~3 . . .  d~ 1 
d~, d~2 0 . . .  M~N 1 
V 2 = A (3) 
. . . . . . . . .  o d~ 1 
d 2, d~2 dZN3 d~4 0 1 
1 1 1 1 1 0 
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Fig. 4. ~olemy'sTheorem states that foracyclic quadfilatera1(withve~icesnumbered 1234 and with a distance 
dr2 between the points 1 and 2), (d~2 + d34) (d14 + d23) = d13d24, and conversely, this is the condition that four 
points should be concyclic and coplanar. 
The coefficient A = ( -  1)cN+~)/(2N(1/N!) 2) takes, for N = 2, 3, 4 . . . . .  the values - 16, 
+ 288, - 9216, + 460800, etc. respectively. The general expression for the radius of curvature 
R of the circle, sphere, etc. on which the points lie is then 
0 d122 d132 d142 d152 1 
d212 0 d232 d242 d252 1 
d312 d322 0 d342 d3s~ 1 
2R2 = Ps. (4) 
d412 d422 d432 0 d452 1 
d512 d522 d532 d542 0 1 
1 1 1 1 1 0 
This expression acts as a generalised spherometer giving the curvature of the space of 
N - 2 dimensions in which N points lie. In fact the radius of curvature is only the simplest 
parameter and an N-dimensional manifold has N:(N 2 - 1)/12 independent components of 
curvature. For N = 1, 2, 3, 4 this number is respectively 0, 1, 6 and 20. 
For testing a tellurometer (a microwave interferometer now widely used by surveyors for 
measuring distances of up to 45 km) the 10 distances between 5points are measured as accurately 
as possible. Five points require only 9 parameters and there is thus one relationship between 
the distances. The 4-D content of the simplex defined by the 5 points should be zero if the 
space is Euclidean 3-D. If there is a discrepancy then this can be regarded as a curvature of 
the 3-D space, although it would usually just be ascribed to error. Thus, incipient distortion of 
a chemical group can be also described as a tendency to curvature. This incipient curvature is 
what Sadoc[15] and Kerner[6] discern in random networks. The sign of the curvature can be 
positive or negative and there may be local cancellations produced by the local attraction between 
positive and negative regions. If SiO4 and mlO4 tetrahedra had opposite curvatures, then we 
would expect the Loewenstein Rule to result, and AI and Si would tend to alternate in a 
framework. 
Regular tetrahedra do not fill space (see Fig. 2, which shows the space-filling regular 
solids). Twenty tetrahedra do not quite give an icosahedron (for unit edges the distances from 
the centre to the vertices are 0.951056.. .  instead of 1, and the angles between the edges of 
the tetrahedra re 60 ° instead of 63.43°). This distortion could be expressed by changing the 
metric of the space or in terms of curvature in the fourth dimension. If the lengths of all the 
edges were 1 but dj: were "r = 1.618 . . . . .  then using the expressions given in eqns (2)-(4) 
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the radius of curvature of three-dimensional space in the fourth dimension is 1/'r = 0.618 . . . .  
and we obtain the 4-D regular polytope called the "120-cel l ."  
Curvature is an expression of a metric and can be thought of as follows. Suppose that there 
is a regular hexagonal packing of atoms in a planar structure with nearest neighbours at a 
distance a. The second nearest neighbours hould then be at a distance a3 ~/2 away. Imagine 
that, perhaps as a result of interatomic interactions more complex than pairwise, the preferred 
second nearest neighbour distance is slightly different from a3 ~/2. The metric then becomes 
inconsistent with planarity and the space which the packing occupies becomes curved. This is 
observed in the structure of the poliovirus and other spherical viruses which often form shell 
structures with positive Gaussian curvature and icosahedral symmetry (Fig. 9). 
Extending this argument o a three-dimensional structure, consider the tetrahedral SiO 4- 
group. Suppose that the preferred Si-O and O-O distances which, for an unstrained tetrahedron, 
are in the ratio of 3 ~'~2 to 8 ~;2 (i.e. 0 .6124. . . ) ,  differ somewhat from it. The tetrahedron will 
then be strained and, if this results in deformation, the curvature is in the fourth dimension[ 171. 
MINIMAL SURFACES 
Consider the unit vector normal to the surface at the point P (Fig. 5) and all planes containing 
it. These planes intersect he surface in curves which, in general, have different curvatures at 
P. Now consider the curves of maximum and minimum curvature. These are the principal 
curvatures at P and will be in planes at right angles to each other. The mean curvature H of 
the surface at P is defined as 
H = (K~ + /(2)/2, (5) 
where K~ and K2 are the maximum and minimum values of the curvature at P. For a minimal 
surface H = 0 at all points in the surface. 
Fig. 5. At any point P on a curved surface there are two principal curvatures where t  curvature is a maximum 
or a minimum. If these lines lie onopposite sides of the tangent plane at P (drawn shaded), then the surface 
has a hyperbolic (anticlastic) curvature at that point. 
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Thus, minimal surfaces are surfaces in three-dimensional space which have everywhere 
a mean curvature (H) of zero. They are exemplified by soap films, where the pressure on 
the two sides of the film is the same. The Laplace-Young partial differential equation, if z = 
f (x ,  y),  is (where fx is the first partial derivative with respect to x, etc.) 
n = (I + fyfy)fxx - 2fxfyf.~y + (I + fxfx)fyy (5) 
2(I + f~fx + fyfy)3,2 
The Gaussian curvature K (the product of the principal curvatures KIKz) is given at each 
point by 
K = (fxxfyy - fzy)/( 1 + f~ + f~)2. (6) 
Since H = 0, K is everywhere negative or zero, the surface is hyperbolic and the average 
coordination number locally in the surface can thus be greater than 6. If K is positive, as on a 
sphere, the surface has an elliptic curvature and the local coordination number can be less than 
6. This is the case for the spherical shells of icosahedral virus particles. The circumference of 
a small circle on a surface of Gaussian curvature K is given by 
s(r) = 2"trr - ½"trKr 3 + terms in r 5. 
The sum of the angles of a triangle bounded by geodesics i ot + 13 + ~/ = ~r + f K dS. 
Periodic minimal  surfaces are infinite, three-dimensionally repeating structures, where the 
unit of pattern is a segment of surface fitting into one of the fundamental regions of a particular 
space group, so that it is usually repeated by rotation about a twofold axis along its perimeter 
and thus giving rise to an infinite surface. 
These surfaces are geometrical invariants (Figs. 6 and 7), just as the 5 Platonic regular 
solids (Fig. 8) and the 14 Archimedean semiregular solids are invariants. Indeed, the periodic 
minimal surfaces are related to the infinite semiregular polyhedra, the first two of which were 
discovered by Coxeter[18] and Petrie. Each type of surface divides all space into two congruent 
, i 
Fig. 6. The P surface. Schwarz's primitive periodic minimal surface which partitions space into two congruent 
domains. Each cavity is connected to the next by six tubes. It has been found, for example, in etioplasts and 
in sea urchin spines[54]. 
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Fig. 7. The F surface. Schwarz's periodic minimal sur- alent o every other, (a) The tetrahedron; (b)the octa- 
face which partitions space into wo congruent domains, hedron; (c) the cube; (d) the icosahedron; (e)the dode- 
Each cavity is connected to the next by four tubes• It is cahedron. 
observed, for example, inglyceryl mono-oleate[26]. 
regions, but in the case of the gyroid surface the two regions are not identical but enantiom- 
orphous. Minimal surfaces were known to the great 18th century mathematicians and the quation 
[eqn (6)] now known as the Laplace-Young equation[19] was known earlier to Legendre. H. 
A. Schwarz and his student E. R. Neovius wrote extensively on their discovery of 5 infinite 
periodic minimal surfaces. These were studied more recently by Schoen[20], who added 13 
more, but much of his work remains, apparently, unpublished. 
MATHEMATICAL DESCRIPTION 
If the equation for the surface is expressed (in the Monge form) as z = f (x ,  y), then the 
condition for zero mean curvature is given by eqn (1) with H = 0. 
In vector notation the mean curvature (which Weatherburn prefers to designate as the first 
curvature) takes the particularly simple form 
div n = -H .  (8) 
In this notation the Gaussian curvature K (the second curvature of Weatherbum) is given by 
2K = n • div grad n + (div n) 2. (9) 
The corresponding expression for the area of the element dx dy is 
dA = [1 + f f f ,  4- f , f , . ] , /2  dx  dy. (10) 
The particular boundary conditions for which a solution had been found by H. A. Schwarz in 
1890 are for a quadrilateral lying in two planes in space, but neither Schwarz nor Nitsche[22] 
gave computations of coordinates or a eas but expressed the results as a complex integral. 
Numerical calculations of the forms of various surfaces have been made and are summarised 
in Table 1. 
The symmetry of the periodic minimal surface is that of a space group with the corre- 
sponding fundamental region and symmetry. The fundamental regions which were described 
for the 230 space groups by Schoenflies are those motifs of pattern which, when repeated by 
the symmetry elements of the group, fill all space. If it is possible to place a segment of "soap 
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Table 1. Summary of surface areas 
In each case the surface area is that found in a cubic unit cell. If this is not so, then an index I = A/V 2'3 can be 
calculated, 
(l) Primitive cubic packing of spheres (of radii 0.5): ~r = 3.14159. 
(2) Body-centred cubic packing of spheres (of radii 3"2/4): 1.5"tr = 4.71239. 
(3) Face-centred cubic packing of spheres (of radii 8-~'2: "rr = 6.28318. 
(4) Simple cube with plane faces: 3. 
(5) Rhombic dodecahedron (the Voronoi polyhedron for cubic close packing): 2.12132 = /2":. 
(6) Thomson cube-tetrakaidecahedron (the Voronoi polyhedron for body-centred cubic close packing): Isolated sur- 
faces: (6 + 12 31'2)/8 = 3.34808. 
Connected: (3 + 12 x 3"2)/8 = 2.973076. 
If only hexagonal faces are counted: 2.598076. 
(7) Polyhedral version f P surface = inflated primitive cubic = (9 + 3 x 3"2)/(2 + 2 × 2 " ) = .43567 ([58], 
p. 255, due to W. Meier). 
(8) Surface of three right circular cylinders (radius .5) intersecting at fight angles = 2.617074. 
(9) Cycloid of revolution approximation to the P surface = 2.34619. [For k = .25, f~--~('n/4 - arctan (3/k))(k 2 + 
2z2) ~ dz]. 
(10) Hyperbolic paraboloid fitted into a tetrahedral frame = approximation to the F surface: 1.921181, only 1.00105 
times greater than the exact value. Area from A = J'I-i~ dx J'~=_-b 5 " (1 + 8x 2 + 8y2) 5 dy. 
(11) Hyperbolic paraboloid fitted to the P surface: 2.36589, which is 1.009 times the exact value (this gives a z height 
of .25 instead of. 198). 
(12) The area of the film slung on a rhombic frame (of unit edge and unit hinge length, folded by raising both ends 
through dihedral angles theta). The height of the saddle point is z and A is the area ofon -quarter (the asymmetric 
unit), two asymmetric units in the case of the F surface. 
0 °, Z = 0, A = 0.216506 Planar; 
30 °, Z = 0.1677, A = 0.201607; 
35.26 °, Z = 0.2007, A = . 195440 P surface; 
45 ° , Z = 0.2591, A = 0.18059; 
54.73 °, Z = 0.3535, A = 0.159930 F surface; 
60 °, Z = 0.3860, A = 0.14706. 
(13) P surface. Area in unit cube containing 96 asymmetric units (lm3m) = 0.19544 x 12 = 2.3 53 (in good 
agreement with Schoen, who finds 2.3451). 
(14) F surface area in unit cube containing 48 asymmetric units (Pn3m) = 0.159930 x 12 = .91916 (there is here 
some difference because Schoen finds 2.4177). 
(15) Neovius surface (lm3m). 1.17035 x area projected on cube faces, which gives 3.51105 per unit cube (in good 
agreement with A. H. Schoen, who uses an analytic method and obtains 3.51048). 
(16) Tetragonal saddle (P4z/nmc: point symmetry at saddle points 42m): 2.46784 (Schwarz[21] gives 2.46741). 
(17) The gyroid (Schoen gives the area as 2.4533). 
f i lm"  across the fundamental region, so that it is mechanically stable and fulfills the symmetry 
requirements ( uch as that of being perpendicular to a mirror plane) and the boundary conditions, 
then an infinite periodic minimal surface results. 
However,  in view of the relationship to equipotentials (discussed below), it is convenient 
to colour the two distinct sides of the surface differently and to consider them to be related by 
an antisymmetry operation. Accordingly, the space groups are more appropriately the black 
and white groups. The simplest P surface is thus not Pm3m nor Im3m but P lm3m (the Neovius 
surface also has this symmetry) and the diamond surface F is not Pn3m but Pn '3m.  
THE OCCURRENCE OF MINIMAL SURFACES 
A surface has everywhere two curvatures (called by Weatherburn[23] the first and second 
curvatures, but also known as mean and Gaussian curvatures and here abbreviated to H and 
K). The prescription that the mean curvature H should be zero (defining a minimal surface) 
corresponds to requiring a minimum area. The second or Gaussian curvature K remains to be 
prescribed. The mean surface coordination umber of equal discs on a curved surface is given 
by 6 - 3SK/'rr,  where K is the Gaussian curvature and S is the area per unit. This condition 
requires, for example, that a triangulated net on a sphere, like a Buckminster Fuller geodesic 
dome or a virus shell, should have 12 pentagonal nodes among the remaining hexagonal nodes 
(Fig. 9). Since for a minimal surface Kt = - K2, the Gaussian curvature K = KzK2 is intrinsically 
negative and the radius of curvature is thus imaginary. The mean surface coordination umber 
must then be greater than 6. We suggest hat this is the simple explanation for the structure of  
certain crinkly seaweeds (like Fucus  letuca) which cannot be flattened on to a plane surface. 
If we insist on flattening it, tears will appear. 
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Fig. 9. The T = 7 tessellation of the icosahedron[53] Fig. 10. A silicate sheet where the two surfaces are 
showing that, in order to map a hexagonal net around a different may curl up like a bimetallic strip. In certain 
sphere, 12 disclinations, where 5 edges meet instead of silicates the disturbance due to this curvature may be 
6, are necessary, reduced by regular alternation of the direction. 
Liebau[24] studied the geometry of cylindrical rolls in silicates, where asymmetric surfaces 
roll up to relieve the mismatch or strain (Fig. 10). One may compare this to a bimetallic 
thermometer strip in which the two metals have different coefficients of thermal expansion. 
This is by way of being a one-dimensional example of the catalytic effects to which we may 
refer later since, if the movement towards curvature cannot take place, one of the strips (usually 
the one in tension) will break. Cylinders are not, however, minimal surfaces and have K = 0 
and H nonzero. They are developable and can be unrolled to give planar sheets. 
Minimal surfaces then all have the same zero mean curvature, but the xtent and localisation 
of the negative Gaussian curvature distinguishes them. A periodic minimal surface provides an 
infinite space of negative Gaussian curvature. This Gaussian curvature determines the dislocation 
or disclination structure of the network mapped onto the surface. 
Minimal surfaces are found in soap films, and also in assemblies of lipid layers in contact 
with water, lyotropic olloids and in some biological assemblies such as etioplasts [Figs. 1 l(a) 
and 1 l(b)] and lung surfactants. They can also be seen in inorganic rystal structures[33] on 
an atomic scale, and on a much larger scale in calcified deposits. The first and most notable 
of such occurrences was found in the spines of sea urchins[25]. The best example of a molecular 
structure taking the form of the F surface is that of glyceryl mono-oleate with water[26]. The 
structure is cubic with the space group Pn3m with a = 105 ~. The corresponding F surface 
would have an area per molecule of 37 ~2, which is in good agreement with that observed 
elsewhere[27]. A dislocation structure can be suggested. 
It seems probable that the gyroid surface G would explain the results of Luzzati and 
Spegt[28], who postulate a cubic structure of space group la3d for a soap (Strontium myristate 
at 223°C). The structure consists of two separate but interlocked three-connected networks, 
similar in principle to the structure of cuprite where the minimal surface F separates the two 
interlocked 4oconnected networks. By Babinet's principle (to which Luzzati himself alludes) 
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the diffraction from a structure of layers between the rods would be indistinguishable from that 
due to the rods. (Schoen[20] gives the full space group symbol for his gyroid surface G as 141/ 
a 3 2/d, but in error attaches the space group number of 214 instead of 230 which is la3d). 
Taylor[29A] has shown that the surface of beta-sheet segments in proteins has a hyperbolic 
curvature, and Fig. 13 gives his example of Concanavalin A. The curvature of the component 
beta-sheets i  even expressed in the form of the crystalline lamellae of silk fibroin forming 
helical surfaces. The major and minor grooves of the DNA double helix are also regions of 
negative Gaussian curvature (although, since the two curvatures are not equal and opposite, not 
of zero mean curvature). 
Some of the surfaces of constant energy in reciprocal space, used in solid-state physics as 
the "Fermi surface," are very similar to certain of the periodic minimal surfaces (Fig. 12)[30]. 
Periodic minimal surfaces provide a geometry for the arrangement of two-dimensional 
components in very-large-scale integrated devices in three dimensions, necessary for massively 
parallel processes expected in the computational realisation of cellular automata[31]. It is ob- 
vious, for example, that with microcircuits arranged on the P surface, the number of chips 
increases proportionately to the cube of the linear dimensions of the device, as it should do if 
3-D phenomena such as the weather are to be modelled, and that the channels provide access 
to the chips by three bus bars parallel to the X,Y,Z axes on each side. The channels are also 
clearly available for cooling. This clearly would be a structure on a scale much larger than the 
atomic. 
The correspondence b tween the periodic minimal surfaces and the surfaces discerned in 
silicates and lyotropic olloids has been pointed out by Mackay[32] and by Andersson et al. [33]. 
In zeolites (molecular sieves) the form of the silicate surfaces is isomorphous with that of 
minimal soap films found in regular arrays of bubbles (where the pressure is the same on both 
sides)J34,35]. A minimisation of the surface energy of silicate sheets during their synthesis 
under hydrothermal conditions and also at high temperatures (of the order of 600 °) may "guide" 
the structure. Since the rearrangement of soap films can be represented by catastrophe theory[36], 
so can the transformations of silicates. Work in this fascinating field is in hand. It is evident 
that, like the five Platonic solids, periodic minimal surfaces are omnipresent in the mineral and 
in the living world and are also structural invariants. 
MINIMAL SURFACES AND ELECTROSTATIC POTENTIAL 
The minimal surface follows the Laplace-Young differential equation [eqn (6)] and if the 
slope of the surface is small this equation reduces to the Laplace equation in two dimensions: 
f~x + f~. = 0. (12) 
The Laplace equation, which in its general form is 
div grad V = 0, 
Fig. 11. (a) Etioplasts from Avena (Gunning); inthe absence oflight chloroplasts fail to develop properly. (b) 
The P surface of Schwarz[54]. 
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Fig. 12. Some of the Fermi surfaces, which are surfaces in reciprocal space representing constant energy of 
electron waves, take forms very similar to those of the periodic minimal surfaces. (a) and (b) show the two 
symmetrical regions of the P surface and (c) shows an eight-tube surface which is close to ne reported by 
Schoen[20]. (Figure courtesy of John Wiley, Inc.) 
where V is the electric potential, describes equipotential surfaces in regions where electric 
charges are absent. Thus, locally, a minimal surface may be identical with the zero equipotential 
surface. However, the electric field 
E = - IE in  (14) 
is normal to the equipotential surface t very point, and therefore 
1 
day n - IE ] grad Iel" n + div grad V. (15) 
By comparison with the Laplace equation [eqn (13)] we see that even though the second term 
on the right may be zero, the first is not zero. Thus, an equipotential surface is not, in general, 
a minimal surface. 
816 A.L. MACKAY and J. KLINOWSKI 
UP /] ~ ~ UP 
DOWN 
Fig. 13. Part of the surface of the protein molecule Concanavalin A showing that locally it is hyperbolically 
curved[29]. 
Since an equipotential surface is uniquely defined by a point charge distribution and, with 
certain reservations vice versa, the electrostatic equipotential surface in, for example, CsC1 must 
be similar to the periodic P surface. To each minimal surface should correspond a charge 
distribution for which it would represent the zero equipotential. Thus for the P surface, the 
charge distribution is approximately that of CsCI. The Neovius surface (Fig. 14) may be more 
like 0.8CsC1 • 0.2NaC1. It will be interesting tolook for ionic crystal structures which correspond, 
at least approximately, to the other periodic minimal surfaces. 
NUMERICAL CALCULATION OF MINIMAL SURFACES 
As was mentioned earlier, minimal surfaces cannot in general be given in analytic form. 
However, they may often be defined as soap films with certain boundary conditions. The profile 
of the surface can be obtained numerically. We have done this for various of the periodic 
minimal surfaces using an iterative procedure which resembles the natural way in which each 
element of area in a soap film adjusts itself into conformity with the neighbouring elements. 
The soap film is an example of a natural cellular automaton, a d this procedure is mimicked 
numerically. Working usually with the Monge form z = f (x ,  y)  of the surface we begin with 
an approximate surface. The hyperbolic paraboloid 
z = (x /a)  2 - (y /b )  2 (16) 
is a very close approximation to the film over a skew rhombus frame--a flame made of two 
equilateral triangles haring an edge at a dihedral angle. In this case the area of the hyperbolic 
paraboloid differs byonly about 0.1% from that of the true minimal surface, so that it is a very 
convenient form to use as an analytic representation f the P and F surfaces which are built of 
such segments. 
In the numerical calculation the z coordinate of each point is adjusted in turn to fulfill the 
Laplace-Young condition [eqn (6)]. We find that i does not matter whether the cells are updated 
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sequentially or simultaneously. This requires the calculation of the first and second erivatives 
from the z coordinates of the eight immediate neighbours of each point (see Fig. 15). The 
boundary conditions have to be satisfied. 
The calculated areas (of the area of film in a unit cube) agree well with those found by 
Schoen, who used a much more complex method involving complex integrals (2.351 for the P 
surface and 3.5104 for the Neovius surface, the C(P) surface in Schoen's notation) but for the 
F surface we find 1.9193 where Schoen has 2.4177. Some matter of definition may be involved 
here. Other results are given in Table 1. 
THE RELATIVE STABILITY OF SURFACES 
It can be seen from Table 1 that a primitive cubic packing of spheres, such as might occur 
in the stacking of liposomes or the unit spheres of opal, has a specific surface area of 3.14159, 
while the corresponding P surface has an area of 2.3460. The P surface has zero mean curvature, 
while the spheres have a positive curvature. Thus matter may be removed from convex areas 
and redeposited in concave areas, if the system is driven by surface tension u til the P surface 
results, ller[55] gives a figure (Fig. 16) where he postulates this process in silica gel. 
The face-centred cubic packing of spheres has the high specific surface of 6.283 and may 
be expected to transform, if driven by the surface tension, to the surface which Schoen[20] 
designates as F-RD. 
The body-centred cubic packing of spheres (which is in fact a packing of minimum density, 
in that any mutual movement increases the density) has a specific area of 4.712 and its surface 
is thus liable to transform to the Neovius surface (also space group Im3m) with specific surface 
3.511. 
In each case there will be an adjusting factor because the volumes of material and void 
space are not initially equal (although they are nearly equal in the primitive cubic packing: 
packing fraction = 0.5236). We could recalculate, on the basis of area per unit mass, the 
volume of the solid phase permeated by a liquid phase where the initial lattice had expanded. 
Surfaces of constant mean curvature can thus be produced by erosion or equilibration of vapour 
or solution pressure. 
We can show that the infinite periodic minimal P surface is, by itself as a soap film, in 
fact unstable, in the sense that a spherical soap bubble requires an excess internal pressure for 
its existence, ls this excess pressure stabilising or destabilising? "Small bubbles (with a higher 
pressure) blow up larger ones" and we may imagine a distortion in which one of the tubes of 
the P surface becomes maller while its length, the repeat distance of the structure, remains 
the same. The principal radii of curvature then can no longer remain the same and the mean 
curvature must rise, and this could only be countered by a rise in the internal pressure. However, 
since the channels are connected together, local distortions would appear to be unstable. 
We may recall Earnshaw's Theorem, which states that no system of positive and negative 
electric harges can be stable. Other forces are necessary, such as the repulsive overlap forces 
which permit NaC1 to be stable with electrostatic forces between the ions. We have shown that 
Laplace's equation, which describes equipotential surfaces in a system of charges, is similar to 
the Laplace-Young equation which describes the shape of soap films of minimal curvature. If
the gradients are small, as in a drumhead, they become identical. It seems reasonable to expect, 
then, that a theorem similar to Earnshaw's hould apply to systems of minimal surfaces. Foam 
might appear to be stable in spite of this but it is compartmentalised, with different pressures 
in separate cells. We suggest that a foam with permeable film should be unstable. 
However, as experiments with Langmuir films showed, membrane surfaces do not contract 
indefinitely, but when they reach a position where the molcules are close packed, achieve some 
incompressibility. Thus, vesicles and similar structures are mechanically more complicated than 
simple bubbles and have more possibilities of stability. The shape of red blood cells shows the 
complexity arising. 
The 18 periodic minimal surface due to Schoen show regions of many different coordination 
numbers, 4, 6, 8 12, 14, etc. The question remains open as to whether any reasonable but 
irregular structure can be represented as a minimal surface, 
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48 
Fig. 14. The "Neovius" periodic minimal surface. One cell is connected to the next by 12 tubes in the [110] 
directions o that the spaces on each side of the film membrane are congruent but not in communication. The 
figure is from the thesis of E. R. Neovius[56]. 
P(x,y) 
Fig. 15. A surface can be described as z = f(x,y). The gradients and curvatures (the first and second erivatives) 
at a point P are found from the z coordinates of eight neighbouring points. Each middle point is continually 
adjusted to conformity with its neighbours, as happens automatically in a physical soap film. 
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Fig. 16. (a) The vapour pressure of water over a convex surface is greater than that over a plane surface, nd 
that over a concave surface is less. Consequently, (b)a connected network of silica gel particles tends to become 
a surface of constant mean curvature[55] (figures by courtesy of John Wiley & Sons). 
PENTAGONAL SYMMETRY: SHORT-RANGE vs LONG-RANGE ORDER 
We have seen that the five regular Platonic solids are still the foundation of the grammar 
of structure. However, although the tetrahedron, the cube and the octahedron figured extensively 
in the description of crystals, the dodecahedron and the icosahedron were long outlawed because 
it was believed that crystals could not permit the occurrence of fivefold symmetry. Pentagonal 
axes are not compatible with an infinite lattice where every lattice point is identically situated. 
Groups containing fivefold axes did not figure at all in the Bible of crystallography, the Inter- 
national Tables for X-ray Crystallography (Vol. I, Symmetry Groups, 1952). 
From time to time, however, pentagonal crystals have been reported[37-39]. Local pen- 
tagonal symmetry does, of course, occur. For example, the individual molecule crystals of 
ferrocene and of cyclopentane have fivefold symmetry, lcosahedral clusters of atoms were 
recognised in crystals of poliomyelitis virus and in some metals such as alpha-manganese, boron 
(Fig. 19), tungsten and certain alloys, and in some organic molecules uch as dodecahedrane[40], 
the last a tour de force of organic synthesis. 
Examples were even known where the icosahedral symmetry persisted for several atomic 
diameters as in Mg32(A1,Zn)49141], but eventually crystalline order set in. It has been known at 
least since the time of Newton that 12 spheres packed around a central sphere were furthest 
from each other in an icosahedral arrangement. If we have one atom 0.90 of the diameter of 
12 others, then the icosahedral arrangement of the 12 around the smaller is strongly promoted. 
This gives a nearly spherical cluster, and in 1962 it was proposed that 13 such large spheres 
could be packed together to give a still bigger quasisphere and that this process could be continued 
recursively[42]. 
However, it has been reported most recently that splat-cooled A16Mn (thin sheets of a 
"metallic glass" produced by extremely rapid cooling) shows icosahedral symmetry over dis- 
tances of some 100 atomic diameters[43]. The diffraction patterns are exactly like those obtained 
from computer drawings of the Penrose pattern[44]. Levine and Steinhardt[45] have indeed 
identified this occurrence of icosahedral order as a materialisation of the Penrose pattern. 
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Nevertheless more proof is required because strongly icosahedral groups, such as that of 
Mg32(A1,Zn)49, must reflect his symmetry in their diffraction patterns. 
The Penrose pattern[ 11,44,46-48] in three dimensions consists of a packing of acute and 
obtuse rhombohedra, with angles 63.43 ° and 116.57 ° respectively, in a composition ratio of 
the golden number (1.618. . . )  to each other (Figs. 17, 18 and 19). The proportions of the 
acute rhombodedron are exactly those found for boron and, for example, the carbide B)2C3. 
The pattern has beautiful properties too numerous to mention, but in essence it is a quasicrys- 
talline arrangement where every component is in a prescribed position, where the structure is 
self-similar and recursive in the sense of Mandelbrot[49], where there is local fivefold (ico- 
sahedral) symmetry and where components are not in exactly equivalent positions, as demanded 
in classical crystallography but only in quasiequivalent positions. The structure consists of 
rhombic triacontahedra which sometimes touch and sometimes overlap to fill all space. A theory 
of quasiequivalence with regard to packings on the surface of a sphere was developed by Caspar 
and Klug[50], but quasiequivalence in the solid is a more recent development. The late N. V. 
Belov, doyen of Soviet crystallographers, graphically put the situation revealed on the discovery 
of poliovirus particles as follows: 
The exclusion fa fivefold axis for crystals, as well recognised, results from the impossibility 
of reconciling it (and axes of order greater than 6) with the "lattice state" of crystalline 
Fig. 17. The Penrose pattern in two dimensions. Two kinds of tile (rhombuses with angles 36 ° and 72 °) cover 
the plane without exact repetition. If the edges of the pieces are tongued as in a jigsaw puzzle the long-range 
pattern automatically results from the interaction of neighbours, but there are several other algorithms for its 
generation. The ratio of the numbers of the two pieces is 1.618 . . . .  the golden number [46,48]. 
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matter. It would appear, then, that for small organisms the fivefold axis represents a distinctive 
instrument in their struggle for existence, acting as insurance against petrifaction, against 
crystallisation, in which the first step would be their "capture" by the latticel51]. 
Much earlier, Belov's predecessor Vernadskii had coined the aphorism "Crystallisation is 
death." 
The significance of these observations of the peaceful (if metastable) coexistence of ico- 
sahedral symmetry with long-range order is that they witness to the struggle between the local 
short-range order and the extended, crystalline translational long-range order fo the minimisation 
of the free energy of the system, beating in mind that the minimisation eed not be towards 
the absolute minimum but towards trapping, by reason of the historical development of the 
specimen, in a local metastable minimum. If local ordering tends sufficiently strongly towards 
being icosahedral, then the material cannot properly crystallise but may remain a glass. But as 
in the compromise case found by Shechtman et a1.[45], crystallisation spreads, in that each 
icosahedral cluster influences the orientation of the neighbouring icosahedral cluster, and the 
interspace is filled up by a definite arrangement of atoms, to give what has been termed the 
quasilattice structure of the Penrose pattern predicted earlier by Mackay[48]. Here we see how 
the balance of forces at one level determines the next higher level of structure. 
CONCLUSIONS 
The purpose of this paper has been to draw attention to four concepts which can be used 
to understand the organisation of inorganic and other structures. 
Cellular structure. This is already well known in the form of dissections of structures into 
Voronoi and radical polyhedra which have fiat faces. The next extension is to subdivision into 
cells with curved faces. 
Periodic minimal surfaces. Sheets or surfaces occur as dominant secondary structure, not 
only in lipids and lyotropic colloids, where they are to be seen in the electron microscope, but 
also in silicates, particularly cage or framework silicates and in spherulites and cylindrical rolls. 
Cellular automata, the patterns formed in space and time by the interaction of adjacent 
elements, give a general formalism which allows us to escape from the rigidity of the classical 
space groups and to treat, eventually, not only classical symmetry, but the phenomena of 
biological morphogenesis. 
Intrinsic curvature provides a measure for the strain in structures, due to partial misfit of 
neighbouring components, which may express itself in the appearance of curved sheets. It is a 
Fig. 18. In three dimensions the Penrose pattern co sists of two kinds of rhombohedra (with angles 63.43 ° and 
its supplement). The whole pattern is seen to be built of rhombic triacontahedra (each made of 10acute and 
10 obtuse rhombohedra) which pa kin contact or with some sharing of rhombohedra. Again the ratio of the 
two components is 1.618...  , the golden number. The figure shows one such rhombic triacontahedral unit and 
is designed for viewing with the "crossed-eyes" technique with the left view on the right and vice versa[48]. 
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Fig. 19. The rhombohedral cell of B~2C3, which has a = 65 ° (close to the acute rhombohedron f the Penrose 
pattern) and is built of Bt2 icosahedra with interstitial carbon atoms. (The drawing is reproduced by courtesy 
of Scientific American d W. H. Freeman). 
development of ideas, first expressed by Coxeter (1961), that some configurations found in 
random structures (dodecahedra) approximate oclose packing in a higher dimensionality. S rain 
in a structure can be expressed as curvature in a higher dimension. The forced juxtaposition of 
two structures ofdifferent curvatures (of different metrics) will produce disruption of the weaker. 
Strain in sheets is expressed in their crinkling into the third dimension, which makes them 
into elliptically or hyperbolically curved structures. Elliptic curvature gives closed domains (like 
icosahedral virus particles) and hyperbolic urvature gives periodic minimal sheets. Strain in 
three-dimensional structures expresses itself in a more complicated way. Many structural features 
arise from the competition between short-range and long-range ordering. 
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